We calculate analytically the three-loop planar master integrals relevant for heavy-to-light form factors using the method of differential equations. After choosing a proper canonical basis, the boundary conditions are easy to be determined, and the solution of differential equations is greatly simplified. The results for seventyone master integrals at general kinematics are all expressed in terms of harmonic polylogarithms.
Introduction
Huge samples of top quarks at the LHC and B mesons in B-factories provide us good opportunity to precisely measure the properties of heavy quarks, e.g., the CKM matrix element |V ub |, which may give some clues for the new physics. To match the increasing experimental precision, higher-order theoretical predictions are mandatory.
The heavy quark form factor is an important ingredient of the higher-order calculations on the heavy quark production, and has been explored up to the third order in α s [1] [2] [3] [4] . In contrast, the heavy-to-light form factor, which is a base for the calculation of the heavy quark or meson decay [5] [6] [7] [8] [9] [10] [11] [12] [13] , has been studied so far only up to the second order [8, 14, 15] . In order to achieve a uniform precision for the production and decay, it is necessary to improve the knowledge of the heavy-to-light form factor to the third order too. In this work, we calculate, as a first step toward this goal, the three-loop planar master integrals for the heavy-to-light form factors. We consider an arbitrarily momentum transfer so that our result can be applied not only in a heavy quark decay, but also in other processes, such as W ′ → tb or heavy quark production via deep inelastic scattering. Another motivation of our work is the understanding of the infrared divergences of the amplitude involving both massless and massive particles. The general structure of the infrared divergence in a massive amplitude has been investigated up to two loop level [16] [17] [18] [19] [20] [21] [22] . It is interesting to explore the structure at even higher orders. Our project, once completed, would help to see this infrared structure.
Our calculation relies on the method of differential equations [23, 24] , and is highly inspired by the strategy of choosing a proper basis with uniform transcendentality proposed in ref. [25] . This choice simplifies the solution of differential equations significantly, and has been successfully applied in [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] and many other works. In addition, we utilize several properties of the master integrals around the (pseudo-)singularities to reduce the determination of the boundary condition to simple or even trivial integrals. This paper is organized as follows. In section 2 we present the canonical basis and the corresponding differential equations. We discuss the determination of boundary conditions in section 3. Conclusions are given in section 4. The analytic results as well as the rational matrices are provided in ancillary files.
Canonical basis and differential equations
Though our goal is to calculate the full three-loop heavy-to-light form factor, we focus first on the leading color contribution, which constitutes a gauge invariant part and dominates the full result in the large N c limit. As such, we consider the color-planar integrals in this work. The corresponding topologies of the integral families are shown in figure 1. All these scalar integrals can be formulated as
(1) with the propagator defined by
The heavy and light quarks are both on-shell, i.e., p 2 1 = m 2 , p 2 2 = 0, and we consider an arbitrary momentum transfer (p 1 − p 2 ) 2 ≡ s. All the color-planar scalar integrals considered can be described by the parametrization of eq. (1) . Note that for the definition of planar integrals in eq. (1), each index can be positive but the total number of positive indices is less than or equal to nine.
The first step of the calculation is to set up the differential equations. The derivative with respect to the kinematic variable s can be written in terms of a derivative respect to the external momentum,
The planar scalar integrals shown in figure 1 can be reduced to a set of 71 master integrals by using the FIRE package [38] . Inspired by the way of choosing canonical basis presented in [2, 27] , we choose a basis F = {F 1 , . . . , F 71 } for the master integrals, 
Note that the choice of canonical basis is not unique. We choose the basis in such a way that they have a uniform transcendentality, and, more importantly, that it is easy to determine their boundary conditions, which will be discussed in the next section.
The differential equations for the above basis can be expressed in the canonical form,
Here the variable x is defined as x ≡ s m 2 . The singular points at x = 0 and x = 1 correspond to the soft limit and threshold limit, respectively. In analytic continuation, it is understood that x ≡ s m 2 + i0. P and Q are 71 × 71 rational matrices, of which the explicit forms are provided in the ancillary file.
3 Boundary conditions and solutions of differential equations
Three-loop planar master integrals
Before solving the differential equations shown in the previous section, the boundary conditions must be determined. We will make use of several properties of the basis integrals to achieve this goal. First, we find that the bases {F 1 . . . F 4 , F 12 , F 14 , F 66 } are single scale integrals and their results have been already known in the literature [2] ,
,
Second, we notice that all the master integrals are regular at x = 0, as expected, since the limit s → 0 does not correspond to any physical pole. This regular condition that all the integrals are finite in this limit can be employed to create relations among the boundary conditions of different bases. For instance, the differential equation for F 11 can be formulated as
Since F 11 is regular at x → 0, its derivative should be also free of such a pole as 1/x. This means that on the right-hand side of the above equation, the coefficient of 1/x is vanishing in this limit, i.e.,
Third, the master integrals in F 7 , F 9 , F 18 , and the integral I 0,1,0,2,0,2,0,1,1,0,0,0 in F 21 do not contain any sub-topology, and we apply Mellin-Barnes integration method to calculate their boundary conditions at x → 0. The calculation is easy since the results are all expressed in terms of Γ-functions after using some functions in the Mathematica packages MB [39] and AMBRE [40] .
We use n s to count the number of linear independent single scale integrals appearing in our calculation, and denote as n 0 the number of linear independent master integrals whose boundary conditions can be determined from the regular conditions at x → 0. The number of integrals whose boundary conditions can be calculated with Mellin-Barnes method is represented by n mb . We find that n s + n 0 + n mb < 71, which means that we are not able to determinate all the boundary conditions using the above three methods.
Note that more than half of the bases defined in eq. (4) contain a coefficient (s − m 2 ). Though x → 1 may be a singular point for several integrals, we find that there are some bases that may be regular at x → 1. If this is the case, then they are actually vanishing at x → 1. We use n 1 to represent the number of linear independent bases whose boundary conditions are vanishing at x → 1. It turns out that n s + n 0 + n mb + n 1 > 71 so that we can determinate all the boundary conditions in simple ways.
As an example, we consider the topology I 0,n 2 ,n 3 ,n 4 ,0,0,n 7 ,n 8 ,n 9 ,0,0,0 with n i > 0. This topology has two master integrals. The canonical bases for this topology are chosen as
and the corresponding differential equations for them are formulated as
We can derive two equations from the regular condition at x → 0 for the differential equations of F 38 and F 39 ,
However, one can readily see that these two equations are not linear independent, hence only one of the boundary conditions for F 38 , F 39 at x → 0 can be obtained from the regular conditions at x = 0 1 . The other boundary condition must be obtained in another way. Of course, one can use some standard methods, such as the numerical estimation or multifold Mellin-Barnes integration. However we want to obtain analytic results and consider the Mellin-Barnes integration still complicated. As a result, we adopt a guess-and-check method. Observing the definitions of F 38 , F 39 in eq.(4), we find that the denominator of F 39 has more powers than that of F 38 , indicating that F 38 may be less singular than F 39 . Therefore, we make a bold assumption that F 38 is regular at x → 1. Under this assumption, we readily know that F 38 = 0 at x = 1 from its differential equation in eq.(10). After obtaining the boundary condition of F 38 , we solve the differential equations for F 38 . Then we use the regular condition in eq.(12) to obtain the boundary condition for F 39 . With the analytic results of F 38 , F 39 at hand, we have checked them with the numerical results calculated by FIESTA and found perfect agreement. This confirms our assumption that F 38 is regular at x → 1. So far we have not figured out a principle to apply this method to more general integrals, but it is efficient in practice, e.g. for the calculation of the nine-line master integral F 71 . For comparison, we notice that in the calculation of master integrals for massive form factors [2] all the boundary conditions except the single scale integrals can be obtained in the soft limit, i.e., x → 0, and the degeneracy problem in eq.(12) does not happen there.
The methods described above can be used to determinate the boundary conditions for all bases in this work. We list in 
, 
By now, we have determined all the necessary boundary conditions. The differential equations can readily be solved using the method shown in ref. [25] . The analytic results for {F 1 . . . F 71 } up to transcendental weight six are provided in an ancillary file. As an example, we show the result for F 71 ,
where H a 1 ,a 2 ,...,an (x) (a i ∈ {0, ±1}) are harmonic polylogarithms defined in [41] . All the analytic results have been checked with the numerical package FIESTA [42] , and good agreement has been found. For illustration, we consider the most complicated nine-line master integrals in F 70 and F 71 , i.e., I 1,1,0,1,1,0,1,1,1,1,−1,1 and I 1,1,0,1,1,−1,1,1,1,1,−1,1 
Two-loop non-planar master integrals
We have seen above that choosing a proper basis can efficiently simplify the determination of boundary conditions for master integrals. This strategy is general and can also be used to calculate the non-planar master integrals. For a proof-of-principle study, we consider the two-loop non-planar master integrals for the heavy-to-light form factor, leaving the results of three-loop non-planar master integrals to a future work. The master integrals shown in figure 2 are represented generally by
The canonical basis is chosen as
The corresponding differential equations for the basis K = {K 1 , K 2 , ..., K 14 } are given by
with y ≡ s−m 2 m 2 . L, M, N are rational matrices provided in an ancillary file. The relation between y and the previous x is y = x − 1. We use y as a letter in the above differential equations so that the singularities appear at −1, 0, 1. The singularities at y = −1, 0 corresponds to the poles at x = 0, 1 in the planar diagrams. The new singularity at y = 1 is a pseudo-pole because it has no physical origin. It appears only in the differential equations, but not in the final result. Actually, this property can be used to derive the boundary conditions of some bases. For example, since the loop integral is regular at y = 1, K 11 is equal to zero at y = 1 due to the prefactor (s − 2m
2 ). The determination of the other boundary conditions is similar to that in the three-loop planar case. The single scale bases are
The bases K 3 , K 4 are vanishing at y = −1, and K 7 , K 9 , K 10 , K 12 , K 14 are vanishing at y = 0. The other non-vanishing boundary conditions are estimated to be
With these boundary conditions, it is straightforward to solve the differential equations to obtain the master integrals at general kinematics. The analytic results of {K 1 . . . K 14 } are provided in an ancillary file along with this paper.
At the end of this section, we explain a key point in our choice of the basis integrals for the six-line integral. Usually, one would expect to choose ǫ 4 (s − m 2 ) 2 J 1,1,1,1,1,1,0 as a canonical basis integral [8, 34] . However, we could not determinate the boundary condition for this basis from the regular condition at y = −1, and it has a logarithmic singularity at y → 0. One may also expect to use other ways to obtain the boundary conditions. The integral at the boundary y = −1 has been calculated numerically in [8] . In ref. [14] , the author calculated the boundary condition for J 1,1,1,1,1,1,0 at y = −1 by computing several three-fold Mellin-Barnes integrals. And in ref. [34] the boundary condition for J 1,1,1,1,1,1,0 at y → ∞ has been calculated using the idea outlined in [44] .
In our calculation we choose an alternative basis integral K 14 = ǫ 4 (s − m 2 ) J 1,1,1,1,1,1,−1 instead of ǫ 4 (s−m 2 )
In order to compare with the previous result in the literature, we calculate the result of J 1,1,1,1,1,1,0 from J 1,1,1,1,1,1 
which agrees with the result in ref. [14] .
Conclusions
We have calculated analytically the color-planar three-loop master integrals for the heavyto-light form factor, which is necessary to provide a precision prediction for the heavy quark production and decay. We make use of the differential equations to calculate the master integrals. After choosing a canonical basis properly, the boundary conditions can be determined easily. This is achieved by studying the pole structure of the master integrals carefully and making use of the guess-and-check method. As a result, the differential equations for the basis can be readily solved and all master integrals are expressed in terms of harmonic polylogarithms. The rational matrices of the differential equations and the analytic results of the master integrals are all provided in ancillary files. It would be interesting to extend our method to the other diagrams such as the color suppressed or non-planar three-loop master integrals in order to calculate the full heavy-to-light form factor at the three-loop level. (10) 
